Measure-preserving transformations of Volterra Gaussian 
processes and related bridges 
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Zusammenfassung 

We consider Volterra Gaussian processes on [0,T], where T > is a fixed time 
horizon. These are processes of type Xt = zx{t, s)dWs, t £ [0,T], where zx is a 
square-integrable kernel and is a standard Brownian motion. An example is fractional 
Brownian motion. By using classical techniques from operator theory, we derive measure- 
preserving transformations of X and their inherently related bridges of V. As a closely 
connected result, we obtain a Fourier-Laguerre series expansion for the first Wiener chaos 
of a Gaussian martingale over [0, oo). 
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1 Introduction 

Fix r > and let (^t)tg[o,T] be a continuous Volterra Gaussian process on a complete 
probability space (0,^, P). Hence, there exist a kernel zx G ([0, T]^) which is Volterra, 
i.e. zx{t.,s) =0, s>t, and a standard Brownian motion {Wt)t£[o,T]^ such that 



'0 

Clearly, Xq = 0, a.s., X is centered and 

rsAt 



Xt = [ zx{t,s)dWs, a.s., te[0,T]. (1.1) 
Jo 



/■SAt 

R^{s,t) = I zx{t,u)zx{s,u)du, s,t £ [0,T], 
Jo 



n.2) 



where R^{s,t) := Covp {Ys,Yt), s,t G [0,r], for a general Gaussian process Y. We assume 
that zx is non-degenerate, meaning that the family {zx{t, ■) \ t £ (0,T]} is linearly inde- 
pendent and generates a dense subspace of L^([0, T]). On the one hand, it follows from this 
that is non- degenerate on (0,T], meaning that the matrices \^R-^ {ti,tj)^ . ^, where 
< ti < . . . < tn < r and n G N, are positive definite. On the other hand, it iollows that 

FtiX) = Tt{W), te[0,T], (1.3) 



I.e. 



= (1.4) 
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Here, Tt{Y) := spaii{Yt \ t G [0,T]} C l2(P) and ¥^ := (J^DteioT] denote the first Wiener 
chaos and the completed natural filtration of the Gaussian process Y with Yq = 0, a.s., over 
[0,T], respectively. Moreover, we assume that 

zxiT,-) + 0, A-a.e, (1.5) 

where A denotes Lebesgue measure, and 

zx{:^s) has bounded variation on [u, T] for all u E {s,T). (1-6) 

Processes of this type are a natural generalization of the nowadays in connection with finance 
and telecommunications extensively studied fractional Brownian motion with Hurst index 
H G (0,1). Fractional Brownian motion, denoted by , is the unique (in the sense of 
equality of finite-dimensional distributions) centered, iif-self-similar Gaussian process with 
stationary increments. For H = ^, fractional Brownian motion is standard Brownian motion. 
We have that 

(2Hr( H+-)r( -—h) \ ^ 
r(2-2H) ) ^'^d 2F1 

is the Gauss hypergeometric function. Moreover, 

R''"{s,t) = ^{s^^ + t'^-\t-s\'''), s,te[0,T]. 

For a Gaussian process (^^t)tg[o,T] with Yq = 0, a.s., recall that the process {Yj!'") ^^^^ j,^ is a 
bridge of Y (from to on [0,T]) if 

Lawp (y^) = Lawp {Y\Yt = 0). 

Clearly, Y"^ is a Gaussian process with 

= yf = 0, a.s., 

i.e. it is tied to at both ends. Therefore, the bridge is an intuitive concept for interpolation. 
It is well-known that the continuous process 

is a bridge of X that satisfies 

Frfx^) ± span{XT} = Fr(X), (1.8) 



where _L denotes the orthogonal direct sum (see [4J, Proposition 4). is called the antici- 
pative bridge of X, since 

¥§^Va{XT) = ¥^Va{XT), (1.9) 

i.e. not the natural, but the initially (T(XT)-enlarged filtrations of X and X^ coincide. Note 
that, more generally, Y'^ is a bridge of Y for every Gaussian process {Yt)te[o,T] with Yq = 0, 
a.s., and R^{T,T) > 0. 

We implicitly assume that (0,jr, P) is the coordinate space of X, which means that Q = 
: [0, T] ^ M I w is continuous}, J- = and P is the probability measure with respect to 
which the coordinate process Xt{Lo) = u){t), lo £ t £ [0, T], is a centered Gaussian process 
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with covariance function R . T is also the Borel-c-algebra on Q equipped with the norm of 
uniform convergence. The measurable map 

is a measure-preserving transformation on (O, J^, P) if it is a endomorphism, i.e. if P"^ = P, 

or equivalently, if T{X) = X, where = denotes equality of finite-dimensional distributions. 
The measurable map 

B : {n,J^,F) (1^,.F,P) 
X{uj) ^ 13{X{lo)) 

is a bridge transformation on {^1,{F,F) if B{X) = X^ . Note that, in particular, T,B : 
C([0,r]) ^ C([0,r]) are linear maps. 

In this work, we derive measure-preserving transformations, such that 

rT(T(x)) = Tt [x^) . 

As a naturally related problem, we derive bridge transformations that satisfy 

TriBiX)) = TTiX). 

We define T{X) and B{X) as Wiener integral processes with respect to X, where the inte- 
grand kernels are based on suitable isometric operators on the Wiener integrand space of X. 
This method follows ideas of Jeulin and Yor (see [8]) and Peccati (see [H]), where the case 
X = W is considered. If X is a martingale, then due to independence of increments, the ope- 
rators and the resulting transformations are simple. However, if X is not a martingale, then 
operators and obtained transformations are technically more involved. In fact, the operators 
are composed by the corresponding operators for the prediction martingale of Xt, and the 
isometry between the Wiener integrand spaces of X and the prediction martingale, respec- 
tively. From these results, we obtain in particular an alternative, purely operator theoretic 
derivation for the dynamic bridge of X, as introduced in [4j. Furthermore, by using the same 
operator theoretic methods and as a closely connected result, we obtain a Fourier-Laguerre 
series expansion for the first Wiener chaos of a Gaussian martingale over [0, oo). 

Remark 1.1. 1. Representation (jl.ip is unique in the following sense: assume that there exist 
another non-degenerate Volterra kernel z'^ and another standard Brownian motion W', such 
that Xt = jlz'j^{t,s)dW^, a.s., t € [0,T]. Then, it follows from ([OD that TtiW) = Tt{W'), 
t G [0,T], i.e. W and W are indistinguishable. In particular, 

f-t 

= E^{Xt-Xtf = / {zx{t,s)-z'x{t,s)fds,te[0,T], 

Jo 

which implies that zx{t, •) = z'j^{t, •), A-a.e., t G [0,T]. 

2. Although the covariance function is continuous on [0, T]^, it is generally not true that 
zxi', s) is continuous for all s G [0, T]. For example, for the fractional Brownian motion with 
H < ^, the function z^h{-, s) is discontinuous in t = s for every s G (0, T). 

3. p.5|) is not a necessary condition for the non-degeneracy of a Volterra kernel as the example 
zx{t,s) := l[|^j)(s), s,t e [0, T], shows. 

The article is organized as follows. Section 2 is dedicated to Wiener integration with respect 
to X and X'^ , respectively. In Section 3, we derive the measure-preserving and bridge trans- 
formations in the case, when X is a martingale. These results are generalized to Volterra 
Gaussian processes in Section 4. In Section 5, we derive the series expansion. 
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2 Wiener integrals 



First, we review the construction of abstract and time domain Wiener integrals with respect 
to the Volterra Gaussian process X. Second, we define abstract Wiener integrals with respect 
to the bridge X'^, and explain their relation to Wiener integrals with respect to X. 



2.1 Wiener integrals with respect to X 

Let £t ■= span{l[o^j) 1 1 G (0,T]} be the space of elementary functions on [0,T]. The Hilbert 
space of abstract Wiener integrands of X on [0,T], denoted by At{X), is defined as the 
completion of £t with respect to the scalar product 

(l[0,.),l[0,t))x := R''is,t), s,tG{0,T]. 

Hence, / S At{X) is an equivalence class of Cauchy sequences {fn}neN £ where 
{/n}neN ~ {fi-nlneN -^^ {fn " 9n, /n " ^ 0, n ^ oo. The Scalar product on Ar(^) is 
given by 

{f,9)AT(X) ■= lim (/n,5n)x, 1,9 ^ At(X), {/„}„eN G /, {^njneN G g, 
and induces the norm | • \aj.{x)- The isometric isomorphism defined by 

: At{X) Tt{X) 

i[o,t) ^ Xt, t G (o,r], 

is called the abstract Wiener integral with respect to X on [0, T]. By definition, f{s)dXs := 
It U) is centered, Gaussian and Ep ^ j'^ f{s)dX^ = \ f\\^(^x) f ^ ^t{X). 

By combining (jl.ip . which is also called the time domain representation of X, with the 
standard Wiener integral, we obtain a subspace of At{X) whose elements can be identified 
with functions. For this purpose, define a linear operator 

(K^/)(s) := fis)zxiT,s) + r {f{u)- f{s))zx{du,s), s G iO,T). 

J s 

By ()1.6p . the integral is well-defined for a suitably large class of functions. Clearly, 
extends the linear isometry 

{£t,{-,-)x) - L\[0,T]) 

l[o,i) ^ zxit,-), t G (0,T]. 

We define the space of time domain Wiener integrands of X on [0, T] by 



K^f is well-defined and ^ (K^/)^ {s)ds < ooj 



AriX) := |/:[0,T]^ 
with scalar product 

if^9)Krix) ■■= (K^/,K^5)^.([o,T])' /'5gAt(X). 
By (|1.2p . we have that 

(l[o,s), l[o,t))Aj,(x) = (l[o,s), l[o,t))AT(x), e [0,r]. 

Let / G At(^). If there exists / e AxiX), such that 

(/'l[o,t))A^(x) = (•^"'l[o.t))AT(X) foralHG(0,r], 

then we identify / and /. £t '^s dense in At{X), hence At{X) C At{X). However, in general, 
At{X) 7^ At{X). The restriction Ix\at{x) called the time domain Wiener integral with 
respect to X on [0,r]. 
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Remark 2.1. Due to the non-degeneracy of zx, we have that = if and only if 

/ = 0, A-a.e. 

Remark 2.2. From p.3p . it follows that has a reciprocal in the sense that there exists 
a Volterra kernel z*x with •) G AtI-'^), * G (0,^], such that 



Wt = [ z*x{t,s)dXs, a.s., te [0,T]. 
Jo 



For t £ (0, T], this abstract Wiener integral is a time domain Wiener integral if and only if 
there exists / S At{X), such that K^/ = l[o,t), A-a.e. 

Remark 2.3. If i?""*" is of bounded variation, then it determines a finite signed measure on 
[0,r]2. Hence, one can define an alternative space of Wiener integrands of X on [0, T] by 



|At(X)| := /:[0,T: 



T f-T 

\f{s)\\f{t)\\R''\{dt,ds)<<^\, 

JO 



where denotes the measure of total variation of , and the integral is a Lebesgue- 

Stieltjes integral. The corresponding scalar product is given by 

a5)|A,(x)| := £ £ fit)g{s)R''idt,ds), f,gG\AT{X)\. 
For details, see [7]. 

Example 2.4. For the fractional Brownian motion holds that (see p"j, p. 797-800) 
K^"f) (s) = C{H)s-2-^ (l^:'' ."-h f) (s), s G (0,r), 



H—- 

where Irp_ ^ denotes the right-sided Riemann-Liouville fractional integral operator of order 
H — ^ over [0,T]. Furthermore, 

s,t G [0,T]. We have that At {B^) = At [B^) if and only ii H < \. Clearly, R^" is of 
bounded variation if and only \iH>\. Then, z*j^„{t, ■) G \ At {B") | Q At {B^), t G (0,r]. 
See [l5] for full proofs. 



2.2 Wiener integrals with respect to 

From p.7p . it follows that X'^ is centered and 

r.xT, , X R^(s,T)R^(t,T) , , ^ 

i?^ = rxIt^T) ' ^'^^ [0'^]- (2.1) 

Hence, R^^ is non-degenerate on (0, T) and R^^{T, T) = 0. In order to define a scalar 
product based on R^ , let 

Ct ■= {/ : [0,T] ^ M I / is constant A-a.e.} 

and consider the quotient space £t/Ct- Clearly, 1[o,t) ~ mod Ct- The Hilbert space of 
abstract Wiener integrands of X^ on [0,T], denoted by At[X^^, is defined as the completion 
of £t I Ct with respect to the scalar product 



,l[o,.),l[o,t))^T := [s,t), s,t G (0,r]. 
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Thus, / G Aj'(X-^) is an equivalence class of Cauchy sequences {/n}„gpj £ {£t/Ct)^, where 

{•^"IngN ~ {9^}neN -^^ {fn " 5n, fn " 9n)^T ^ 0, n ^ oo. The scalar product on Ar(X^) 
is given by 

(/,5)Ay(xT) •= „1™^ {fn,g^)xT , f,g ^ At(X^) , {/„}„gj^ G /, {5^}„eN e 5, 
with induced norm | • \xj,(xt)- The isometric isomorphism defined by 

if : At{X^) ^ rT(x^) 

Tj^ ^ x^, tG (o,r], 

is called the abstract Wiener integral with respect to X"^ on [0, T]. We have that f{s)dXj 
:= if (/) is centered, Gaussian and Ep ^ f{s)dXj^ = \ f\\^(^xi^) ^ ^ ^t{X^^. 

Let 

: At(a:) ^ At(a:) 

/(•) ^ /(•) iJ^^^yp- 

ry'''- is the linear orthoprojection from At (A") onto the closed subspace 







At,o(^) := |/gAt(X) 

along K.Tfi{X)^ = Ct- In particular, ker (r/"^) = Ct and 

7?^(At(X)) = At,o(X). (2.2) 

Thus, the map 

^ : At(X)/Ct ^ At,o(X) 

is an isomorphism. From (|2.ip . we obtain that 

(l[0,s),l[0,i))jfT = (f?^l[o,s),??^l[o,t))x , s,tG(0,T]. 

Hence, 

At(X^) = ^t{X)/Ct, 



I.e. 



/gAt(X^) 4^ /gAt(X). 



From (|1.7|) . it follows that 

Xf = I (7?^l[o,t)) a.s., tG [0,r]. (2.3) 

JO 



Hence, 



/ /(s)dlj = / (r?^/) (s)(iX„ a.s., / G At(X). (2.4) 
JO JO 



From (jl.Sp . we see that (j2.3p does not have a reciprocal, i.e. can not be written as an 
abstract Wiener integral with respect to X^ . By using (|2.4p . we can write p.8p as follows: 

^ f{s)dXs = ^ 7(.)dXr + —^^IJ^.Xt, /gAt(X). (2.5) 



By combining ()2.4p and p.2p . we obtain the following: 
Lemma 2.5. PFe have that 

Tt{x^) = (At,o(^)). 
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3 Gaussian martingales 



We consider the special case when X is an F;^-martingale (or equivalently, an F^^-martingale) . 
This corresponds to a Volterra kernel of type zx{t.,s) = 2;m(-s)1[o,4)(s), s,t G [0, T], where 
zm £ -^^([0)^]) aiid zm / 0, A-a.e. For convenience, we write X = M. Let (M). := 
jQz\[{s)ds denote the quadratic variation or variance function of M. Then (M). is strictly 
increasing on [0,T]. We denote 

{M)T,t ■■= {M)t - {M)t, te[0,T]. 

We derive two types of measure-preserving and bridge transformations, present some pathwise 
relations between the transformed processes, and show how the two types a connected. For 
the case M = W, large parts of the results have been obtained in |8] and [13], although not 
in the present form and not so detailed. The generalization from W to M can be obtained 
by using the fact that M = W(^m).- However, for convenience, we provide independent and 
complete proofs. 

3.1 Measure-preserving and bridge transformations 

Clearly, we have that 

At(M) = L^(M) := L^{[0,T],d{M).). 

Furthermore, 

At,o(M) = L^oiM) := |/g4(M) £ fis)d{M)s=0^ 



and 



1 



(^"'/)(-) = /(•) - £ f{s)d{M),, f&Ll{M). 



Lemma 3.1. 1. For f £ L^M), let 

^ {M)s Jo 



s 



(W*^'V)(s) ■■=j^ I f{u)d{M)^, sG(0,r], 



and 



1 



{n'''^f){s) := j^jyiu)d{MU s€[0,T). 

The Hardy type operators Ti^'^ and Ti^'^''^ are hounded endomorphisms on Lj,{M) with ad- 
joints 



and 



{n'''''*f){s) = r j{^d{MU, s e [o,n 

Jo V^-^ )T,u 



respectively. 

2. Fori £{1,2}, let furthermore 



and 
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Then a'^^' : L^^q{M) L^{M) and : L^{M) L^^iM) are isometric isomorphisms 

with {a^'^y^ = 

3. For i E {1,2}, we have that 

^M.^Mf = / e lUm), (3.1) 

and 

^M^M.f ^ pM,j^ f ^ j^2^^^y (3 2) 

Also, 

pM,i^M,if ^ ^Mj^ f ^ Ll{M). (3.3) 

Proof. 1. From Hardy's inequality (see [5], Theorem 327, p. 240), it follows that 

(^"^(^)^^) dx< A j\\x)dx, geL\[Q,l]). (3.4) 

By using (13. 4|) with g{z) := / (y~^(z)) for i = 1, and g{z) := / (y~^(l — z)) for i = 2, 
where y{u) := we obtain that |W*^'7|5^2 (jv/) < ^Ifll^i^My f ^ L^M). From Fubini's 

theorem, it follows that H^''-'* is the adjoint of n^^'\ 

2. By using Fubini's theorem and splitting integrals, we have that a*^'* : Lj,Q{M) Lj.{M) 
is the inverse of Z?*'^'* : L^M) L|,o(M). Moreover, from part 1, it follows that a*^'* is the 
adjoint of So a^^'* and are unitary and hence isometric. 

3. A straightforward calculation yields (13. ip . (13. 2p follows from part 2. By using Fubini's 
theorem and splitting integrals, we obtain (j3.3p . □ 

Remark 3.2. 1. Let / G Lf,(M). For t G (0, T] and s G [t, T), we have that (a^'2/l[o,t)) (s) = 
and (/3^''^'^/l[o,t)) {s) = CM{f,t), where cm is a function independent of s. 
2. It holds that a^'^^c = 0, ce Ct, i e {1, 2}. 

We can state and prove the following theorem: 

Theorem 3.3. Let i £ {1,2}. The transformation defined by 

'0 

is measure-preserving, i.e. T^'^\M) is an '^^^^ -martingale with Tq^\m) = 0, a.s., and 
(T(*)(M)). = (M).. Furthermore, the process 

Bf\M) := r {a^''^l[o,t)){s)dMs, tG[0,T], (3.6) 
Jo 

is a bridge of M . 

Proof Clearly, T(*)(M) and i3(*)(M) are centered Gaussian processes. From part 2 of Lemma 
13. H we obtain that 

Covp (r«(M),T/*)(M)) = CoMMs,Mt), s,t£[0,T]. 

Furthermore, by combining ()3.ip . part 2 of Lemma l3.ll and ()2.3p . we obtain that 

Covp(^» (M),ef^(M)) = Covp(Mj,M,^), s,tG [0,r]. □ 



r«(M) := r(/3^^'n[o,i))(s)dM„ tG [0,r], (3.5) 
Jo 
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3.2 Pathwise relations for the transformed processes 

By using the stochastic Fubini theorem, we have that 

T«(M) = Mt - l^^/{M)s, a.s., t G [0,T]. (3.7) 
Similarly, we obtain that 

tI'\m) = Mt - I^Ml_^d{M)s, a.s., te[0,T]. (3.8) 



On the one hand, by combining ()3.5I) . (13. 2p and ()2.4I) . we have that 

tI'\m) = (/J^'Up.t)) (s)dMj, a.s., t G [0,r], i G {1,2}. (3.9) 

On the other hand, by combining ()2.3p . ()3.3p and ()3.5p . we obtain the reciprocal 

W = r ia'''^'l[o,t))is)drPiM), a.s., te[0,T], ie {1,2}. (3.10) 
Jo 

Clearly, from ([32]) and (fXTH . it follows that 

rT(T«(M)) = rT(M^), ie{i,2}. (3.11) 

For i = 2, it follows more precisely from part 1 of Remark 13.21 that 

rt(T(2)(M)) = Tt(M^) , t e [0,T], (3.12) 



F^^^^^) = (3.13) 

From ()3.13p . we obtain that T^^\M) is an F;^^ -martingale. Furthermore, by combining 
(j3.1ip and (jl.Sp . we have that T^'^\M) is orthogonal to Mt, and thus independent of 

Mt. Hence, T^'^\M) is also an ^F^^^ V o"(Mr)^ -martingale and so, by using ()1.9p . an 

V cr(MT))-martingale. From (j3.8p . it is then easy to see that T(^)(M) is the martingale 
component in the (F^^ V cj(-M7^))-semimartingale decomposition of M. 

By combining (j3.8p and p.7p . we obtain that 

t}^\m) = M[ + f-^d{M)s,a.s.,te[Q,T]. 

Jo \J^^)t,s 

In particular, M'^ is the unique solution of the linear stochastic differential equation 

dMf = dTl'\M) - -^d{M)u = 0. 

A straightforward calculation yields 

Bi'\M) = -{M)t j^dMs, a.s., ie(0,r]. (3.14) 

Similarly, 

Bf\M) = {M)T,t a.s., te[0,T). 

Jo \^^)t,s 



9 



By combining part 2 of Lemma 13.11 and ()3.6p , we obtain that 

Mt = £ {s)dBf{M), a.s., t G [0,r], i G {1,2}. (3.15) 

By comparing identities ()3.6p and ()3.15p with identities ()3.10p and ()3.9p , we observe that the 
bridge B^^\M) is related to the martingale M in the same way as the bridge is related 
to the martingale T^^\M). Hence, from (j3.1ip . we obtain that 



TtI^B^'Hm)) = Tt{M), ie {1,2}. (3.16) 
Moreover, from (j3.12p we have that 

fJb^^^M)) = TtiM), t£ [0,T], 



From (j3.10p and (j3.15p . we obtain the following: 
Lemma 3.4. Let i e {1,2}. Then 

Mf= Bf^{T^\M)), a.s., t G [0,T]. 

Furthermore, 

Mt = {b^^{M)^ , a.s., t E [0,T]. 

Remark 3.5. 1. From (fXTB . we have that J^f'''^*^^ C J'^^ . Moreover, ¥ (T^'\n)) = 1. 
2. From (l3lB . it follows that J^J'"'^*^^ = J^^^. Also, P {B^'\n)) = 0. 

3.3 Connection between the cases i = 1 and i = 2 

Let (^t)f(=[o,T] be a Gaussian process with Yq = 0, a.s., and let 

St{Y) := Yt - Yt-u t G [0,r], (3.17) 
be the time-reversion of the process Y. Clearly, we have that So(Y) = 0, a.s., and 

St{Y) = Yt, a.s. (3.18) 
Furthermore, rr(5(y)) = TriY) and Si{Y) = Yt, a.s., t G [0,r]. 

It is easy to show that S{M) is a continuous F^*'*^^ -martingale with 

{S{M))t = {M)t,t-u te[0,T]. (3.19) 

Hence (5(M)). is strictly increasing on [0, T]. Note that 5 is a measure-preserving transfor- 
mation if and only if M has stationary increments, i.e. if and only if M = W. By using 
(|3.19p . we obtain that 

{P"'\T-t,T)) {■) = (/3'5(^)'2l[o,t))(T--), X-a.e., t G {0,T]. 
It follows from this that 

St (t(i)(M)) = t/') (cS(M)) , a.s., t G [0,r]. (3.20) 
Similarly, we have that 

{a'^''\T-t,T)) {■) = (a'5('')''l[o,t))(r--), A-a.e., t G iO,T]. 

Therefore, 

St (b^^\M)) = (5(M)) , a.s., t E [0,r]. (3.21) 
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4 Volterra Gaussian processes 



We generalize the results of Section [3] to the case, when X is a continuous Volterra Gaussian 
process with a non-degenerate Volterra kernel satisfying (jl.Sp . (jl.6p and that 

K^f = zx{T, Olfo.t) has a solution in At{X) for ah t G (0,r], (4.1) 

which we denote by k*{t, •) := k*xj'{t, ■), t £ (0, T]. We proceed similarly as in Section [3l 

4.1 Measure-preserving and bridge transformations 

Let 

Mt := Mt{X,T) := Ep (X^I^Ff ) , t G [0,T], 
denote the prediction martingale of Xt with respect to . By definition, 

Mr = Xt, a.s. (4.2) 

Clearly, by (jl.4p we have that 



Mt = [ zx{T,s)dWs, a.s., te[0,T]. 
Jo 



(4.3) 



From (14. Sp and (jl.Sp . it follows that M is a continuous Gaussian martingale with Mq = 0, 
a.s., and the quadratic variation function (M). = z'j^iT, s)ds is strictly increasing on [0, T]. 
In particular, all results from Section [3] hold true for M. We have that Tt{M) = Tt{W), 
t G [0,T], and hence from (jl.Sp . it follows that 

Tt{M) = TtiX), te [0,T]. (4.4) 

More precisely, we have that 

Xt = [ k{t,s)dMs, a.s., t e [0,T], (4.5) 
Jo 

where the Volterra kernel is given by 

k{t,s) := kxAt^s) := s,te[^,T]. (4.6) 

Let K := K^''^ be the isometric isomorphism defined by 

K : At{X) L\{M) 

l[o,t) ^ k{tr), t e (o,r]. 

Then ^ ^ 

[ f{s)dXs = [ {Kf){s)dMs, a.s., f G At{X). (4.7) 
Jo Jo 

Also, from (O]) and KT\i . it follows that 

Mt = [ k*{t,s)dXs, a.s., t e [0,T]. 
Jo 



(4.8) 



Hence 

K-H[o,t) = k*{t,-), te{o,T]. 

From (14. 4p . it follows that k* is a Volterra kernel. Clearly, by using ()4.2|) . we have that 

R^{T,T) = {M)t (4.9) 
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and 

k*{T,-) = 1. (4.10) 

From (jlSl) and (lilH . it follows that 

k{c) = K^^ic) = c, ceCr. (4.11) 
Moreover, (|4.7|) and (|4.2|) imply that 

(/,l[o,T))^^(^) = Cov^ f{s)dXs,XT^ 



Covp( l^{Kf)is)dMs,MT 







= / (K/)(s)d(M)„ /G At(X). (4.12) 

JO 

By combing (j4.9p and (j4.12p . and then using (j4.1ip . we obtain that 

7?^/ = (K-^r/^K)/, /gAt(X). (4.13) 
Also, by combining ([231), and ([23]), we have that 

= /" k{t,-){s)dMj, a.s., t E [0,T]. (4.14) 

JO 

Example 4.1. li X = , then ()4.ip is satisfied. We have that 

r(t,s) = i[o,i)(g) + ( ^ — ^s2-^(t-s)2-^y^ — d^xj i[o,t)(s), 

G [0, T]. See [l5] for a full proof. 

The following result generalizes Lemma |3. II 
Lemma 4.2. 1. For i £ {1,2} and f £ At{X), let 

a^'if ■= (K-ia*^'V)/ (4.15) 

and 

/3^'7 := (k-V'^'V)/- (4.16) 
Then a^'"^ : AxfliX) At{X) and f3^''' : At{X) ATfi{X) are isometric isomorphisms 
with (a^'*)~^ = 
2. For i £ {1,2}, we have that 

a^V/ = """'V, /e At(X), (4.17) 

and 

r?^/3^'7 = P""''!, f G At{X). (4.18) 

Also, 

/3^'^a^'7 = V^^f, f e At{X). (4.19) 
Proof. 1. Follows straightforward from part 2 of Lemma 13. 11 

2. Follows from part 3 of Lemma l3.1l by using ()4.13p . □ 

Remark 4.3. 1. Let t G (0, T] and s £ [t,T). By combining part 1 of Remark [Q and ()4.1ip . 

it follows that {a^''^l[o,t)) {s) = and (/3^'^l[o,t)) (s) = CM{k{t,-),t). 

2. From part 2 of Remark 13.21 and ()4.1ip . we obtain that a^'^c = 0, c£CT,i£ {1,2}. 
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The generalization of Theorem 13.31 is straightforward: 
Theorem 4.4. Let i G {1,2}. The transformation defined by 

t!'\x) := r {p''n[o,t))is)dXs, tG[0,T], (4.20) 
Jo 

is measure-preserving, i.e. T^^\X) is a centered Gaussian process with Tq^\x) = 0, a.s., 
and = R-^ . Furthermore, the process 

Bf\x) := r {a''n[o,t)){s)dXs, tG[0,T], (4.21) 
Jo 

is a bridge of X. 

Proof. By construction, r(*)(X) and B^\X) are centered Gaussian processes. By using part 
1 of Lemma \A.2\ we obtain that 

Covp(tW(x),7;«(x)) = Covp(x„Xt), s,tE[o,r]. 

Moreover, by combining (j4.17p . part 1 of Lemma 14.21 and (j2.3p . we obtain that 

Covp(^«(X),5?(X)) = Covp(XJ,Xn, [0,T]. □ 

Remark 4.5. Lemma 14.21 and Theorem 14.41 hold true also without assumptions (jl.6p and 

Next, we want to explicitly evaluate the functions a"'^'*l[o,t) and 1 p,*) in definitions (I4.2ip 
and (j4.20p . respectively. For this purpose, we recall the notion of the Bochner integral in 
a Banach space: Let [Q, Q, /x) be a measure space with a finite signed measure and let B 
be a Banach space with norm | • |b. The Bochner integral in B of an indicator function 
fio) ■= 9 ■ lA(g), q ^ Q, where A e Q and g e B, is given by f{q)dfi{q) := g ■ fi{A). A 
measurable map / : {Q, Q) ^ B, q ^ fio)-, is Bochner integrable if /g \f{<l)\Bd^ji{q) < oo. 
The space of Bochner integrable functions is a Banach space. The Bochner integral in B of 
a Bochner integrable function is defined as the unique continuous, linear extension of Jq ■ dfj, 
from the set of indicator functions to B. By construction, the Bochner integral commutes 
with bounded linear maps: if f : Q ^ B is Bochner integrable, B' is a Banach space and 
A : B ^ B' is a bounded linear map, then Af : Q ^ B' is Bochner integrable, and 

A [ f{q)dtx{q) = [ Af{q)dii{q). 

Jq Jq 

If the elements of B are functions from [0, T] to M, then we denote Jq f{q, s)dfj,{q) := 
(^Jq fiq)dfj.{q)^ (s), s £ [0,T]. For details on Bochner integration, see pT] . 

We can state and prove the following lemma: 

Lemma 4.6. Let z e (0,r] and g e L\.{M). 

1. If g is absolutely continuous on [a,z\ for every a > 0, then 

9\o,z)) {s) = k*{z,.s)g{z) - / k* (u, s)dg{u), X-a.e. s £ {0,T), 

Jo 

where the integral is a Bochner integral in At{X). 

2. If g is absolutely continuous on [0, b] for every b < z, then 

('^"'5l[o,.)) {s) = r {k*{z, s) - k*iu, s)) dg{u) + k*{z, s)g{0), X-a.e. s G (0, T), 
Jo 

where the integral is a Bochner integral in At{X). 
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Proof. 1. We have that 

/ Mo,u)is)dg{u) = {g{z) - g{s))l[Q^^){s), X-a.e. s £ {0,T), 
Jo 

where the integral is a Bochner integral in L'^{M). By combining this, the fact that k^^ : 
Ly(M) At{X) is a bounded linear map and Remark 12.11 we obtain that 

= 9{z)k*{z,s) - {^^'^ \o,u)dg{u)^ {s) 
= g{z)k*{z,s) - (^j^ K"H[o,„)(i5(n)^ (s) 
= g{z)k*{z,s) — / k* {u, s)dg{u), A-a.e. s G (0, T). 



2. Similarly, we have that 

iMo,z){s) - l[o,u){s)) dg{u) = {g{s) - 5(0)) l[o,^)(s), A-a.e. s G (0, T), 

where the integral is a Bochner integral in L'^{M). Hence, 

(«"V[o,.)) (5) = (a^~'(5-5(0))1[o,.)) (s) + («~V0)1[0,.)) (5) 

= (^"'^ {Mo,z) - Mo,u)) dg{u)^ (s) + g{0)k*{z,s) 

'i~^{Mo,z) - Mo,u))dgiu)) (s) + g{0)k*{z,s) 



{k*{z,s)-k*{u,s))dg{u)+g{0)k*{z,s), X-a.e. s £ {0,T). □ 

Let t G (0, T]. The function 7{^^'^k{t, ■) is absolutely continuous with respect to {M)., or 
equivalently, with respect to A(-), on [a,T] for every a > 0. By combining part 1 of Lemma 
T6]with z = T and (j4.10p . we obtain that 



K''l[o,i)) (s) = Mo,t)(s) - JTJ^ k{t,u)d{M)u + / k*{u,s)^-^d{M)^ 

Wi)T Jo Jo ^y-i/u 

^ ^^'^'> f k{t,v)d{M)yd{M)u, \-a.e. s e {0,T). (4.22) 



10 {M)l JO 

Let t G (0,T). The function 'H^''^k{t,-) is absolutely continuous on [0, T]. Moreover 



('H*^'^/c(t, •)) (s) = 0, s > By using part 1 of Lemma WM with z = t, we obtain that 



(a^'2ij^_^^) ^ i^^^^^^s)- fk*{u,s)-^^d{MU 



+ 1 ^T^^ / A;(t,w)d(M)^d(M)„, A-a.e. s G (0,T). (4.23) 



* A;*(n,g) /■* 



Let t G (0,T]. The function Tl^'^'^'*k{t, •) is absolutely continuous on [a,T] for every a > 0, 
and {n^^^^'*k{t, •)) (s) = 0, s > t. By using part 1 of Lemma 14.61 with z = t, we obtain that 

iP'^'^^t)) is) = l[o,i)(.) - fk*{u,s)'^d{M)^, X-a.e. s G (0,r). (4.24) 

Jo ^y-i/u 

Let t G (0,r]. The function ?^^'^'*A;(t, •) is absolutely continuous on [0,5] for every b < T. 
By using part 2 of Lemma 14.61 with z = T and (j4.10p , we have that 

iP'^'^lm) (s) = l[o,t)(s)- [\l-k*{u,s))^^d{MU, A-a.e. sG(0,r). (4.25) 

Jo V")T,u 
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4.2 Pathwise relations for the transformed processes 

By combining (fOOj) . (fiJ6]) . ([^ and ([33]) . we obtain that 

t/^^(X) = / k{t,s)dTP{M), a.s., te[0,T], iG {1,2}, (4.26) 

i.e. T^^^ (M) is the prediction martingale of T^*'* (X) with respect to ^'^^ . Clearly, we can 
evaluate T^^\X) explicitly by using (j4.24p and (j4.25p . However, in order to obtain expressions 
corresponding to (13. 7p and (13.80 . we combine ()4.20p . ()4.7p . the stochastic Fubini theorem and 
()4.8p . and obtain that 

T«(X) = Xt- 1^ k*(u,s)dX,^^l^d{M)^, U.S., tG[0,T]. 

In the same way, we have that 

t}'\x) = Xt- f (xt- rk*{u,s)dXs) ^^^d{M)u, a.s., t e [0,T]. (4.27) 
Jo \ Jo J \J^^)t,u 

On the one hand, by combining ()4.20|) . ()4.18p and (|2.4p . we have that 

T«(X) = (/3^n[o,t)) (s)dXj, a.s., i G [0,T], i G {1,2}. (4.28) 

On the other hand, by combining (j2.3p . (j4.19p and (|4.20p . we obtain the reciprocal 

= r {(^'''%,t)) is)dTPiX), a.s., t G [0,T], i G {1,2}. (4.29) 
Jo 

From (OSl) and ([09]) . we have that 

rT(TW(^)) = rT(x^), iG{l,2}. (4.30) 
For i = 2, it follows from part 1 of Remark 14.31 that 

rt(T(2)(x)) = rt(x^) ,te[o,T], 

By combining (fOT]) . (p3]) and (fil^ . we obtain that 

t/2)(X) = X,^ + r rk^)(s)dXj^^d{M)u, a.s., t G [0,r]. 

Note that, in contrast to M"^, the process X'^ is noi the solution of a linear stochastic 
differential equation (unless X = M) . By combining (j4.2ip , (j4.15p , (j4.7p and ()3.6p , we obtain 
that 

r-T 

B^^\X) = / k{t,-){s)dBf{M), a.s., te[{),T], {1,2}. (4.31) 
Jo 

By using (I4.22p . we obtain that 



VJo {M)l Jo 



k{t,v)d{M)^d{M)u dXs, a.s., t G (0,r]. 
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Similarly, by using ()4.23p . we have that 

+ r ( tlT^ f k{t,v)d{M),d{M)A dX,, a.s., te[0,T). 

Jo \Jo V^-^)t,u Ju J 

By combining part 1 of Lemma 14.21 and ()4.2ip , we have that 

Xt = £ {Wh^) is)dB^:Hx), U.S., t G [0,r], i e {1,2}. (4.32) 

By comparing identities ()4.2ip and ()4.32p with identities ()4.29p and ()4.28p . we conclude that 
the bridge B^^\X) is related to the process X in the same way, as the bridge X^ is related 
to the process T^'\X). Therefore, 

rT(i3»(X)) = FriX), iG{l,2}. (4.33) 

Furthermore, 

Tt[B^^Hx)) = Tt{X), te[0,T], 

Remark 4.7. B^'^\X) is the dynamic bridge of X, and has been introduced in [3]. 

From ()4.29p and ()4.32p . we obtain the following: 
Lemma 4.8. Let i E {1,2}. Then 

Xj= ^®(t«(X)), a.s., tG[0,r]. 

Furthermore, 

Xt = T^^ (b^\X)) , a.s., [0,r]. 

Remark 4.9. 1. From (|33Q]), we have that T^^'^^^^ C . Moreover, P (T(^)(17)) = 1. 
2. From ([03D . it follows that J^J*"'^^^ = . Also, F {B^^iVL)) = 0. 



4.3 Connection between the cases i = 1 and i 
Consider (14.51) and let 



Xf := f k{t,s)dSs{M) 
Jo 

= f (^^%^^zx{T,T-s))dSs{W), a.s., te[0,T], 
Jo \zx{T,s) ) 

where S is defined as in ([3T7l) . Note that X^ is well-defined by part 1 of Remark [TTTl 
Clearly, X^ is a continuous Volterra Gaussian process with a non-degenerate Volterra kernel, 
and 5(-/Vf) is the prediction martingale of Xj, with respect to F^'^ = F^'-^^''. By combining 
(f06]l . (f3?20]l and again (f06]) . we obtain that 

T«(X))'' = T^''\X^), a.s., [0,r]. 
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Clearly, 

R^^^\T,T-t) = R^{T,T)- R^{T,t), tG[0,T]. (4.34) 
By using (li^D and ([3l^ . we obtain that 

St (X^) = S{X)^, U.S., t G [0,T]. (4.35) 

Consider ([iTTi]) and let 

(X^)^ := J k{t^is)dSs (m^) , t € [0,T]. (4.36) 

Due to ()4.35p . the right-hand side of (I4.36|) is a Wiener integral with respect to S{M) . The 
process (^^^^ is well-defined due to part 1 of Remark 11.11 In particular, from (j4.14p it 
follows that 

(X^)^ = Xf^, a.s., te[0,T]. 
By combining (j4.3ip . (j3.2ip and again (j4.3ip . we have that 

(S«(X))^ = Bi'^{X^), a.s., te[0,T]. 

Remark 4.10. If X has stationary increments, then S{X) = X, and hence S{X) is a Volterra 
Gaussian process. In general, however, it is not clear whether S{X) is a Volterra Gaussian 
process. 



5 A Fourier-Laguerre series expansion 

Let (Mf)tg[o^oo) be a continuous Gaussian martingale with Mq = 0, a.s., such that (M). is 
strictly increasing and 

lim(M)j = oo. (5.1) 

As before, we assume that the underlying probability space is the coordinate space of M, 
i.e. we assume that = : [0, oo) ^ M | w is continuous}, T = := (j{Mt 1 1 € [0, oo)) 
and P is the probability measure with respect to which Mt{oj) = uj{t), a; S fi, t € [0, oo), is a 
Gaussian martingale with quadratic variation function (M).. Let 



roo(M) := span{Mt \t£[0, oo)} 

and 



r[T,oo)(^) := span{Mi - | s, t G [T, oo)} 

denote the first Wiener chaoses of M over [0, oo) and [T, oo), respectively. By (|5.ip . there 
exists a standard Brownian motion (Wt)t£[o,oo) such that Mt = VF^Af)t) o.-S-, t S [0,oo) (see 
[lOj . Theorem 4.6, p. 174). From the strong law of large numbers for standard Brownian 
motion, it follows that 

Mt Wt 
lim -7-—^ = lim — = 0, a.s. (5.2) 

i^oo {M)t t-^oo t ^ ^ 

From (|3.7p . we see that transformation T^^) does not depend on T, hence we can write 
TtiM) := tI^\m) = Mt- f -^d{M)s, a.s., tE[0,oo). 

Jo VVl)s 
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By using the stochastic Fubini theorem, we have that 

/•oo 

Tt{M) = / (/3*^'il[o.t)) (s)dM„ a.s., f G [0,oo), 
Jo 

where 

/3i''i : L2([0,™),<i(M).) ^ L^(\0,^),d{M).) 
By combining the classical Fubini theorem and (15. ip . we obtain that (5^'^ is an isometric 



isomorphism with inverse 

a^'i : L2([0,oo),d(M).) ^ ^^([O, oo), d(M).) 

/(•) ^ ^^'^-JMyI f^^'^diM)^. 

Hence, the measure-preserving transformation T is an automorphism, i.e. it has a measurable 
inverse. The inverse is given by 

/oo /"OO 1 

{a^^%,t)) is)dM, = -{M)t jMy/^^^ ^e(0,oo). (5.3) 

In particular, 

Foo (T-i(M)) = Foo(M). (5.4) 
Remark 5.1. For the (on T dependent) bridge of M in (|3.14|) . it holds by using (|5.3|) that 

lim ej^^(M) = Tf^{M), a.s., tG(0,oo). 



T ^ oo * 



Let r > be fixed. M has independent increments, hence 

Foo(M) = Ft(M) ± F[r,oo)(M). (5.5) 

On the one hand, from (jl.Sp and ()3.1ip . it follows that 

Ft(M) = Ft(T(M)) ± span{MT}. (5.6) 

On the other hand, by using (fOl) and jMl) with T-^{M) instead of M, we have that 

r[T,oc)(M) = TyT,oo){T'HM)) ± span{T^-i(M)}. (5.7) 

By combining ()5.5p . (15. 6p and ()5.7p . and iterating this decomposing procedure, we obtain 
that {7^(M)}^^^ is an orthogonal system in Foo(M). From the following two-sided Fourier- 
Laguerre series expansion, it follows that this system is complete: 

Theorem 5.2. Let Z := f{s)dMs G Foo(M). Then 



-M,T 
-n 5 



where the sequence len^'^l := < '^J ^^^'^ > is i.i.d. with e^^'"^ ~ AA(0, 1), and 



-7i^L„(ln^)l(0,^)(.), nE No 



^-^^-n-i(ln^)l(T,oo)(^), ne-N, 
wzt/i Ln{x) := Ylk=o denoting the n-th Laguerre polynomial, n G Nq. 
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e„ ' }■ is a Hilbert basis of TxiM). By iterating T and 

J neNo 

using the stochastic Fubini theorem, we have that 



fc=l 

T 



= / Cf^'^{s)dMs, a.s., n G Nq. (5.8) 

JO 

It is well-known that 

{Ln{x),x G [0, cxD)}„gpjQ is a Hilbert basis of L^([0, oo), e~^dx). (5-9) 
By substitution, we obtain that \ Cn''^{s), s € (0, T)\ is a Hilbert basis of L|,(M). The 

I- J ngNo 

claim follows from (jS.Sp and the Wiener isometry between L^(M) and r3^(M). Second, we 
show that <! e-ra^'^ [■ is a Hilbert basis of Tij^ ^){M). By using (j5.3p . partial integration 
and (|5.2|) . we have that 

Tf\M) = Mt - {M)fJtHM), a.s., tG(0,oo), (5.10) 

where 



y.._/--x. (M):(M). (M),, •••im);:t' 

By combining (jS.lOp and ()5.3|) . using the stochastic Fubini theorem and iterating, we obtain 
that 

dMs 



Jt, {M)sJ {M)t, {M)t,_, 

From the identity (^) = ("^^) + (Izl) , 1 < k < n, it follows that 

t (-l)^^-^(^) = (^T'),0<,<n. (5.12) 
k=j+i ^ ^ \ J / 

By using ()5.10p and iterating, then using (j5.1ip . again (|5.10p and ()5.12p . we obtain that 



T-^{M) = MT + f;(-l)^Q 



{M)t ■ J^{M) 



Mt + p{-l)' Q {M)t (^JHM) + PJJ^_ 



dM, 



\{M)t) (M) 
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(M), fjT i! \{M)tJ (M), 

k-1 



dMs 

Wis 



T 



{M)tJ {M)s 

POO 

= ^{M)t / C^l^[s)dMs, a.s., n E N. (5.13) 
Jt 

From (15. 9p . we obtain by substitution that ■! C^''^ is), s G (T, oo) \ is a Hilbert basis of 

I J n6-N 

-L^([r, cxd), d{M).). By combining ()5.13p and the Wiener isometry between L^([T, oo), d{M).) 
and r['p o(3)(M), we obtain the claim. Third, by combining (|5.5|) with these results, we obtain 

Sn ' {■ is a Hilbert basis of roo(M). A Fourier expansion yields 



Z = L\F)-J2Co.,{Z,e^^'^).e^^'^ 

= LHr)-Y,( r f{s)Ct''^{s)d{M)s) ■et''''. □ 

As a special case, we obtain the following one-sided Fourier-Laguerre series expansion. For 
M = W, it was shown in [H]. 

Corollary 5.3. We have that 

M, = L\F)-J2ym^.Cn(ln^-^)-et''^,te{0,T], 

neNo ^ \ It J 

where Cn{y) ■= Ln{x)e~''dx, y £ [0,oo). 

Proof. Set / := l[o,j) in Theorem 15.21 □ 
Remark 5.4. Clearly, we have that 

:F^' = V a{T^{M)) 

neNo 

and 

•^[T,oo) ■■= <^iMt -Ms\s,te [T, oo)) = y a {Tf{M)) . 

ne-N 

Furthermore, 

T = y a{T^{M)). 

Recall that an automorphism T on {Q.,T ,^) is a Kolmogorov automorphism, if there exists 
a cj-algebra AC J', such that T'^A C ^, V„gz^"^ = and n^eNo'^"''-^ = {^,^}- It is 
straightforward to see that T and T^^ are Kolmogorov automorphisms with A = J'^^^ and 

A = , respectively. Hence, T and T^^ are strongly mixing and hence ergodic (see 
Proposition 5.11 and Proposition 5.9 on p. 63 and p. 62). 
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